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Abstract
A Cayley graph is said to be an NNN-graph if it is both normal and non-normal for isomorphic
regular groups, and a group has the NNN-property if there exists an NNN-graph for it. In this
paper we investigate the NNN-property of cyclic groups, and show that cyclic groups do not have
the NNN-property.
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1 Introduction
Let G be a finite group, and S be a subset of G such that S does not contain the identity of G and
S = S−1 = {s−1|s ∈ S}. The Cayley graph Γ = Cay(G,S) is defined to have vertex set V (Γ) = G, and
edge set E(Γ) = {{g, sg}|s ∈ S}. We say that G is the defining group of Γ and S is the connection set
of Γ. Let Aut(Γ) denote the automorphism group of Γ. For each g ∈ G, define a map gR : G → G by
the right multiplication of g on G as below:
gR : x→ xg, for x ∈ G.
Then gR is an automorphism of Γ. It follows from the definition that the group GR = {gR | g ∈ G}
is a subgroup of Aut(Γ) and acts regularly on V (Γ). It is well known that a graph is a Cayley graph
if and only if its automorphism group contains a subgroup that acts regularly on the vertex set of the
graph (see [20], [3, Theorem 16.3]).
We say that Γ is a normal Cayley graph for G (Xu, [22]) (or normal) if GR✂Aut(Γ), otherwise we
say that Γ is a non-normal Cayley graph for G (or non-normal). If Γ is normal for G, then Aut(Γ) =
GR ⋊Aut(G,S). Xu [22] showed that, except for Z4 × Z2 and Q8 × Z
m
2 with m ≥ 0, each finite group
has at least one normal Cayley graph. (We use Zn to denote a cyclic group of order n.) Years later,
Feng and Dobson (see [2]) proposed a question asking if it is possible for a Cayley graph to be both
normal and non-normal for two isomorphic regular groups, that is, can Aut(Γ) contain a normal regular
subgroup G and a non-normal regular subgroup isomorphic to G.
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Definition 1.1. A Cayley graph Γ = Cay(G,S) is an NNN-graph for G (or NNN for G) if Γ is normal
for G and is non-normal for H where H ∼= G and H 6= G.
Definition 1.2. A group G has the NNN-property (or G is an NNN-group) if there exists an NNN-
graph for G.
Few NNN-graphs are known. Giudici and Smith [9] constructed a strongly regular Cayley graph for
Z26 and showed that such a graph is an NNN-graph for Z
2
6 . Royle [19] proved that the halved folded
8-cube is an NNN-graph for Z62 . The first infinite family of NNN-graphs was found by Bamberg and
Giudici [2] when they studied the point graphs of a particular family of generalised quadrangles. It
was shown in [24] that the Cartesian product, direct product or strong product of an NNN-graph with
finitely many normal Cayley graphs is an NNN-graph. Taking such products of the halved folded 8-cube
with finitely many K2, it is proved in [25] that the elementary abelian 2-group Z
d
2 has NNN-graphs if
d > 6.
A graph is a CI-graph for some finite group G if all regular subgroups of automorphisms isomorphic
to G are conjugate, and so any CI-graph is not NNN. A group G is said to be a CI-group if all Cayley
graphs for G are CI-graphs. Clearly, a CI-group does not have the NNN-property, and so the study
of CI-groups can help us investigate the conditions on the existence of NNN-groups. For example, Zdp
is a CI-group for an arbitrary prime p if d 6 5 (see [25]). Since there exist NNN-graphs for Zd2 when
d > 6, we have that Zd2 does not have the NNN-property if and only if d 6 5. It is shown in [18] that
if n ∈ {8, 9, 18} or n = k, 2k or 4k where k is an odd square-free integer, then the cyclic group Zn is a
CI-group, and so it does not have the NNN-property. This motivates us to determine if arbitrary cyclic
groups have the NNN-property.
A circulant is a Cayley graph of a cyclic group. The essence of testing whether a circulant Γ of a
group G is NNN for G is to study the cyclic regular subgroups contained in Aut(Γ). Even though the
investigation of the automorphism groups and the regular subgroups of circulants has a long history
(see [1, 7]), most related work considered non-isomorphic regular subgroups. Joseph [11] showed that
if a graph is a Cayley graph of a cyclic group and a non-cyclic group of order p2 for p a prime, then
the graph is a lexicographic product of two Cayley digraphs of prime order. Also, Marusˇicˇ and Morris
[16] gave a sufficient but not necessary condition for a graph to be a Cayley graph for a cyclic group
and a non-cyclic group.
In [17], Morris extended Joseph’s result to Cayley graphs of abelian groups of odd prime-power
order, and proved that a digraph is a Cayley digraph of a cyclic group and a non-isomorphic abelian
group if and only if it is a wreath product of Cayley graphs of p-groups. Kova´cs and Servatius [13]
extended Morris’s result to the case when p = 2 and gave a necessary and sufficient condition for two
Cayley digraphs to be isomorphic. One of the ideas used in their arguments is the notion ofW-subgroups
of abelian groups: a subgroup H 6 G is a W-subgroup relative to S where S ⊆ G\{1}, if S \ H is a
union of H-cosets, denoted by H 6S G. In particular, if H 6S G and H 6= G, then we write H <S G.
Kova´cs and Servatius showed that if G has a W-subgroup H <S G, then the graph Γ = Cay(G,S) is
a lexicographic product of two nontrivial circulants (see [13, Theorem 1.2]), and it follows from [25,
Lemma 5.3.4] that Γ is not NNN for G. Hence, the study of W-subgroups of Z2n can help us determine
some cases where NNN-graphs do not exist. However, Kova´cs and Servatius proved that if Z2n has no
H <S Z2n , then every abelian regular subgroup of Aut(Cay(Z2n , S)) is cyclic (see [13, Lemma 4.5]),
which implies that considering the W-subgroups of Z2n is not enough to determine the NNN-property
of cyclic groups. Recently, by studying arc-transitive circulants, Li, Xia and Zhou [15] showed that an
arc-transitive circulant is normal if and only if its automorphism group contains a unique regular cyclic
subgroup, which implies that arc-transitive normal circulants are not NNN-graphs.
The aim of this paper is to prove the following result.
Theorem 1.3. Cyclic groups do not have the NNN-property.
Page 3 of 27
The proof of Theorem 1.3 is structured as follows. We first study the Sylow p-subgroups contained
in the automorphism group of a normal circulant, and show that the automorphism group of normal
circulants whose order is not divisible by 8 contains a unique abelian regular subgroup, and so cyclic
groups with order not divisible by 8 do not have the NNN-property.
For cyclic groups with order divisible by 8, we determine the NNN-property by analysing the regular
subgroups of their holomorphs. The holomorph of a group G is Hol(G) = GR ⋊ Aut(G). We view
Hol(G) as a permutation group on G. If Γ is normal for G, then Aut(Γ) 6 Hol(G), and so each regular
subgroup of Aut(Γ) is a regular subgroup of Hol(G). Hence if the only regular subgroups of Hol(G)
that are isomorphic to G are normal in Hol(G) then G does not have the NNN-property. For example,
by [4, Theorem 7.7] and [5, Theorem 4], we have that the the only regular subgroups of the holomorph
of a nonabelian simple group T that are isomorphic to T are normal in Hol(T ), which implies that
nonabelian simple groups do not have the NNN-property. The investigation of regular subgroups of the
holomorph of a group is closely connected with Hopf-Galois structures as well as set-theoretic solutions
of the Yang-Baxter equation (see [10]). General descriptions of regular subgroups of the holomorph of
finite groups are given in [4, 21], and regular subgroups of the holomorph of small groups are calculated
in [10].
It is shown [21] that for an abelian group G of order not divisible by 8, Hol(G) has a unique regular
subgroup isomorphic to G. Hence such groups do not have the NNN-property (we have already observed
this when G is cyclic). Moreover, Kohl [12] showed that if p is odd then any regular subgroup of Hol(Zpn)
is cyclic. However, things are very different for p = 2. In Section 3, we classify the regular subgroups
of Hol(Z2n), which is crucial for solving the NNN-property of cyclic groups whose order is divisible by
8. Before stating the result we need to introduce some notation. Note that Aut(G) = 〈x〉 × 〈y〉 where
x : a→ a−1 and y : a→ a5. Up to isomorphism, there are three nonabelian groups of order 2n with a
cyclic subgroup 〈σ〉 of index two and an involution τ /∈ 〈σ〉 (see [6, Chapter 5, Exercise 17]), and they
are as follows:
1. the dihedral group D2n , where σ
τ = σ−1;
2. the quasidihedral group QD2n , where σ
τ = σ2
n−1−1;
3. Mn(2), where σ
τ = σ2
n−1+1.
We also encounter the generalised quaternion group Q2n = 〈σ, τ | σ
2n−1 = τ4 = 1, σ2
n−2
= τ2, στ = σ−1〉
of order 2n.
Theorem 1.4. Let G = 〈a〉 be a cyclic group that is isomorphic to Z2n with n > 3, and H = Hol(G) =
GR⋊Aut(G) be the holomorph of G. Suppose that R is a subgroup of H. Then R is regular if and only
if, up to conjugacy, exactly one of the following holds:
1. R = GR;
2. R = 〈ay2
t
〉 ∼= Z2n for 0 6 t 6 n− 3 and R ∩GR = 〈a
2n−t−2〉.
3. R = 〈a2, ax〉 ∼= D2n ;
4. R = 〈a2, axy2
n−3
〉 ∼= Q2n ;
5. R = 〈a2·5
−1
y〉 × 〈ax〉 and R ∩GR = 〈a
2n−1〉;
6. R = 〈a2·5
−1+2n−2y〉⋊ 〈ax〉 with R ∩GR = 〈a
2n−1〉, and R ∼= QD2n ;
7. R = 〈a2y2
n−3
〉⋊ 〈ax〉 with R ∩GR = 〈a
4〉, and R ∼=Mn(2).
In cases 5 and 6, we write 5−1 for the inverse of 5 in the multiplicative group of Z2n .
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2 Cyclic Groups G with 8 ∤ |G|
We start with a result about centralisers of subgroups.
Lemma 2.1. Suppose that G = Zpk where p is a prime and k > 2. Let N = Zpm be a nontrivial proper
subgroup of G, and H = CAut(G)(N). Then |H| = p
k−m. Moreover, H ∼= Zpk−m , unless p = 2 and
m = 1, in which case H = Aut(G).
Proof. Let G = 〈a〉. Then we have that N = 〈ap
k−m
〉. Since N is a characteristic subgroup of G,
there exists a homomorphism π : Aut(G) 7→ Aut(N) where Ker(π) = H = CAut(G)(N). Clearly π is
surjective, and so
|H| =
|Aut(G)|
|Aut(N)|
= pk−m. (1)
If p is an odd prime, then (1) and the fact that Aut(G) is cyclic imply that H ∼= Zpk−m .
Suppose that p = 2. Here Aut(G) = 〈x〉 × 〈y〉 ∼= Z2 × Z2k−2 , where x : a 7→ a
−1 and y : a 7→ a5. If
m = 1, then |Aut(N)| = 1, in which case H = Aut(G). Now suppose that m > 2. Since H 6 Aut(G),
we first suppose that xyi ∈ H for some 1 6 i 6 pk−2, that is, (xyi)π = 1. Thus xπ = (yi)π = (yπ)i.
Thus Im(π) = Aut(N) = 〈xπ, yπ〉 = 〈yπ〉, which implies that m = 2 as Aut(N) is cyclic if and only
if N = Z22 and Aut(N) ∼= Z2. Thus 〈y
π〉 ∼= Z2. Note that N = 〈a
2k−2〉 = Z22 . However, we have
that (a2
k−2
)y = a2
k−2·5 = a2
k−2(22+1) = a2
k−2
. Thus y ∈ Ker(π), contradicting 〈yπ〉 ∼= Z2. Hence we
conclude that xyi /∈ H for all 1 6 i 6 pk−2. Thus either H 6 〈y〉 or H = 〈x〉. In each of these two
cases, we have that H must be cyclic. Hence H ∼= Z2k−m .
Let G = Zn. Note that n has a prime factorization n = p
k1
1 · · · p
kt
t where pi is a prime. If n is even,
then we set p1 = 2. Thus
G ∼= Z
p
k1
1
× · · · × Z
p
kt
t
, (2)
and
Aut(G) = Aut(Z
p
k1
1
)× · · · ×Aut(Z
p
kt
t
). (3)
Let a = (a1, . . . , at) be a generator of G where ai generates Zpkii
. It follows easily from (2) and (3) that
for x = (x1, . . . , xt) ∈ G and π = (π1, . . . , πt) ∈ Aut(G) we have that,
xπ = (xπ11 , . . . , x
πt
t ). (4)
Let Γ = Cay(G,S) be a circulant and A = Aut(Γ).
Lemma 2.2. Suppose that H 6 Hol(G) is an abelian regular subgroup such that H 6= GR. Let N =
GR ∩H. Then N = Zpm11
× · · · × Zpmtt
with 1 6 mi 6 ki for all 1 6 i 6 t, and
CAut(G)(N) =
t∏
i=1
CAut(Z
p
ki
i
)(Zpmii
). (5)
Proof. Recall that Hol(G) = GR ⋊Aut(G). By the Second Isomorphism Theorem, we have that
H/N ∼= HGR/GR 6 Hol(G)/GR = Aut(G).
Hence
|H|
|N |
divides pk1−11 (p1 − 1) · · · p
kt−1
t (pt − 1). (6)
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Since the right hand side is less than |H|, we have that |N | 6= 1. Thus N =
∏
i∈I Zpmii
with 1 6 mi 6 ki
and ∅ 6= I ⊆ {1, . . . , t}. Here notice that N 6= H as we assume H 6= GR.
Let CHol(G)(N) be the centraliser of N in Hol(G). Obviously GR 6 CHol(G)(N). Thus CHol(G)(N) =
GR ⋊ CAut(G)(N). Moreover, H 6 CHol(G)(N) as H is abelian. Again by the Second Isomorphism
Theorem,
H/N ∼= HGR/GR 6 CAut(G)(N). (7)
Let σ ∈ CAut(G)(N). Using (2) and (3), write n = (n1 . . . , nt) and σ = (σ1, . . . , σt) where σi ∈
Aut(Z
p
ki
i
) and ni ∈ Zpmi
i
when i ∈ I, and nj = 1 for j /∈ I. Then by (4) we have that
nσ = (nσ11 , . . . , n
σt
t )
Thus an automorphism σ of G centralises N if and only if each σi fixes each element in Zpmii
for i ∈ I.
By (3), we have that
CAut(G)(N) =
(∏
i∈I
CAut(Z
p
ki
i
)(Zpmii
)
)
∏
j /∈I
Aut(Z
p
kj
j
)

 . (8)
It follows from (7) and Lemma 2.1 that
|H/N | =
(∏
i∈I
pki−mii
)∏
j /∈I
p
kj
j

 divides
(∏
i∈I
pki−mii
)∏
j /∈I
p
kj−1
j (pj − 1)

 . (9)
Suppose that I is a proper subset of {0, 1, . . . , t}. Let pw be the largest prime such that w /∈ I.
Then pkww divides |H/N |, and so by (9) we have that p
kw
w divides
∏
j /∈I p
kj−1
j (pj − 1), which leads to
a contradiction. Thus w ∈ I. This implies that I = {1, . . . , t}, and so N = Zpm11
× · · · × Zpmtt with
1 6 mi 6 ki for all 1 6 i 6 t, and so (5) follows.
The following corollary follows from Lemma 2.1 and Lemma 2.2.
Corollary 2.3. Let H 6 Hol(G) be an abelian regular subgroup. Let N = GR ∩H.
(1) If n is odd, then
CAut(G)(N) =
t∏
i=1
Z
p
ki−mi
i
,
(2) If n is even, then
CAut(G)(N) =


Aut(Z2k1 )×
∏t
i=2 Zpki−mii
if m1 = 1,
Z2k1−m1 ×
∏t
i=2 Zpki−mii
if 2 6 m1 6 k1.
Moreover, |CAut(G)(N)| = |H : N |.
Lemma 2.4. Let Φ = (φ1,1, . . . ,1) ∈ Aut(G) with |φ1| = p1. Suppose that p1 is odd. If Γ is a normal
circulant, then Φ /∈ Aut(G,S).
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Proof. (The idea for the arguments of this lemma arises from the proof of [23, Theorem 3.2]). Recall
that G = 〈a〉 with a = (a1, . . . , at). Let M = p
k2
2 · · · p
kt
t . We know that there is a unique subgroup P
of order p1 in G, namely,
P = 〈aMp
k1−1
1 〉.
Let S1 = {s ∈ S | s = a
r with (r, p1) = 1}, S3 = S ∩ (P\{1}), and S2 = S\(S1 ∪ S3). Let
X1 = Cay(G,S1 ∪ S3) and X2 = Cay(G,S2). Thus E(Γ) = E(X1) ∪E(X2).
Suppose to the contrary that Φ ∈ Aut(G,S). Note that this implies k1 > 1. Then for each s ∈ S,
we have that s〈Φ〉 ⊆ S. Since |φ1| = p1, we may assume that
Φ : (a1, . . . , at)→ (a
p
k1−1
1 +1
1 , a2, . . . , at).
Let s ∈ S1, and suppose that s = a
r. Then
sΦ = (ar1, . . . , a
r
t )
Φ = (a
r(p
k1−1
1 +1)
1 , a
r
2, . . . , a
r
t ) = s(a
rp
k1−1
1
1 ,1, . . . ,1) = sa
Mrp
k1−1
1 .
Since Φ centralises P , we have that
s〈Φ〉 = {saMrp
k1−1
1 , . . . , saM(p1−1)rp
k1−1
1 }.
Since (r, p1) = 1, we have that s
〈Φ〉 = sP .
Since p1 is odd, there is a permutation θ : G → G defined as below: for each x ∈ G, write x = a
rx
and then define
xθ =
{
x if rx 6≡ 2 (mod p1),
xaMp
k1−1
1 if rx ≡ 2 (mod p1).
(10)
We claim that θ ∈ A1 but θ /∈ Aut(G,S). Let u = a
ru and v = arv . Suppose that {u, v} ∈ E(Γ). Then
uv−1 = aru−rv = s for some s ∈ S.
Suppose first that ru 6≡ 2 (mod p1) and rv 6≡ 2 (mod p1). Thus u
θ(vθ)−1 = uv−1 = s, and so
θ ∈ Aut(Γ). Next suppose that ru ≡ 2 (mod p1) and rv ≡ 2 (mod p1). Thus
uθ(vθ)−1 = uaMp
k1−1
1 (aMp
k1−1
1 )−1v−1 = uv−1 = s,
and so θ ∈ Aut(Γ).
Finally, swapping u and v if necessary, we are left to consider ru ≡ 2 (mod p1) and rv 6≡ 2 (mod p1).
Notice that, if s ∈ S2 ∪ S3, we have that p1 | (ru − rv), that is, ru ≡ rv (mod p1). This leads to a
contradiction, and so we may assume that s ∈ S1. Since
uθ(vθ)−1 = uaMp
k1−1
1 v−1 = saMp
k1−1
1 ,
we have that uθ(vθ)−1 ∈ sP = s〈Φ〉 ⊆ S. Thus θ ∈ Aut(Γ). Hence we have shown that θ ∈ Aut(Γ) in
all cases.
In fact θ ∈ A1 as θ fixes 1. Also since θ fixes the group generator g, if θ ∈ Aut(G), then θ = 1,
which is a contradiction by the definition of θ. Thus θ /∈ Aut(G,S), and so Γ is non-normal, which is
a contradiction. Therefore, we must have Φ /∈ Aut(G,S).
Corollary 2.5. For each 1 6 i 6 t, let Φi = (φ1, φ2, . . . , φt) where |φi| = pi with pi odd, and φj = 1
for all j 6= i. If Γ is a normal circulant, then Φi /∈ Aut(G,S).
Proof. Since the order of the prime factors of n was not specified in (2) and (3), for each 1 6 i 6 t with
pi odd, we may switch the i
th factor with the first factor. Then Φi becomes the Φ in Lemma 2.4 and
the result follows.
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The next result is a consequence following from Corollary 2.3 and Corollary 2.5.
Lemma 2.6. Let Γ be a normal circulant for G and H 6 A = Aut(Γ) be an abelian regular subgroup
such that H 6= GR. Let N = GR ∩H. Then |GR : N | is a power of 2.
Proof. Since Γ is normal for G, we have that A = GR ⋊Aut(G,S). Let CA(N) be the centraliser of N
in A. Since GR 6 CA(N), we have that CA(N) = GR ⋊ CAut(G,S)(N). Moreover, H 6 CA(N) as H is
abelian. Thus
H/N ∼= HGR/GR 6 CAut(G,S)(N) 6 CAut(G)(N). (11)
It follows from Corollary 2.3 that |CAut(G)(N)| = |H : N |. Thus by (11) we have that CAut(G,S)(N) =
CAut(G)(N). Moreover, by Lemma 2.2 we have that N =
∏t
i=1 Zpmii
with 1 6 mi 6 ki for all 1 6 i 6 t.
Suppose that there exists some 1 6 j 6 t where pj is odd and mj 6 kj − 1. Recall that Z
p
kj
j
is
generated by aj. Since kj − mj > 1, there is an automorphism ρ of order pj in CAut(Z
p
kj
j
)(Zp
mj
j
) ∼=
Z
p
kj−mj
j
. Let τ = (τ1, . . . , τt) ∈ CAut(G)(N) where τj = ρ and τi = 1 for all i 6= j. By Corollary 2.5, if
Γ is normal, then τ /∈ Aut(G,S), which is a contradiction to CAut(G,S)(N) = CAut(G)(N). Thus for all
odd prime factors pi where 1 6 i 6 t, we have that mi = ki. Hence |GR : N | is a power of 2.
Theorem 2.7. Let Γ be a normal circulant for G with 4 ∤ |G|. Then GR is the unique abelian regular
subgroup contained in A.
Proof. First suppose that n is odd. By Lemma 2.6 we have that N =
∏t
i=1 Zpkii
which implies that
N = H = GR.
Suppose that 2 | n. Since 4 ∤ n, we have that GR = Z2 ×
∏t
i=1 Zpkii
. It follows from Lemma 2.2 and
Lemma 2.6 that N = Z2 ×
∏t
i=1 Zpkii
. Thus N = H = GR.
We note that Theorem 2.7 is a generalisation of [16, Theorem 4.3] which shows that there are no
non-cyclic regular abelian subgroups of Aut(Γ).
Theorem 2.8. The cyclic group Zn with 8 ∤ n does not have the NNN-property.
Proof. By Theorem 2.7 we are left to consider the cases where n = 4m and m is odd. Let H be
an abelian regular subgroup of A such that H 6= GR. It follows from Lemmas 2.2 and 2.6 that
N = H ∩ GR = Z2 ×
∏t
i=1 Zpkii
. Since N is a characteristic subgroup of G, we have that N ✁ Hol(G).
Thus
Hol(G)/N ∼= (GR/N)⋊Aut(G) ∼= (GR/N)⋊ (Z2 ×Aut(Zm)) ∼= Z2 × Z2 ×Aut(Zm).
Since the quotient group is abelian, we have that H✁Hol(G), and so H✁A. Hence Z4m does not have
the NNN-property and the result follows.
Notice that if p1 = 2, then there is no permutation as defined in (10) such that it is an automorphism
of the graph. In fact, in general Lemma 2.4 is not true for G = Z2k with k > 3. In this case Aut(G) has
three different elements of order 2, and there are normal circulants for G such that Aut(G,S) contains
at least three different involutions (see [25, pg. 65]). Hence the arguments in this section are not valid
for the case where 8 divides |G|.
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3 The Classification of Regular Subgroups of Hol(Z2n)
The purpose of this section is to prove Theorem 1.4. Let G = 〈a〉 ∼= Z2n . We begin this section with
several number theoretic results. Let m ∈ N. Let p be a prime. We will write m = mpmp′ where mp
is the p-part of m and (mp,mp′) = 1. Let G
∗ be the multiplicative group of the integers modulo 2n.
Assuming 2n > 5, then clearly 5 ∈ G∗ as (2, 5) = 1. Let 5−1 be the inverse of 5 in G∗.
Lemma 3.1. [14, Theorem 2.2.6] Let t ∈ N. Then
52
t
≡ 1 (mod 2t+2),
and
52
t
6≡ 1 (mod 2t+3).
Lemma 3.2. Let
M = 1−5
−kj
1−5−j
and L = 1−5
−kj
1+5−j
with k > 1 and j > 1. Then M2 = k2 and L2 = 2k2j2.
Proof. Notice that M = 5
kj−1
5kj−j (5j−1)
as we may multiply the numerator and the denominator of M by
5kj . Thus M2 =
(
5kj−1
5kj−j(5j−1)
)
2
=
(
5kj−1
5j−1
)
2
. Similarly, we have that L2 =
(
5kj−1
5j+1
)
2
.
Let q = 5j . Thus by [8, Lemma 3.4] we have that if k is odd, then M2 = 1 = k2. If k is even, then
(qk − 1)2 = (q
2 − 1)2k2/2 = (q − 1)2[(q + 1)2k2/2] = (q − 1)2k2
as (q + 1)2 = 2. Thus M2 = k2. Similarly,
(qk − 1)2 = (q
2 − 1)2k2/2 = (q + 1)2[(q − 1)2k2/2].
If j is odd, then (q − 1)2 = (5− 1)2 = 4, and so L2 = 2k2. If j is even, then
(q − 1)2 = (5
2 − 1)2j2/2 = 4j2,
which implies that L2 = 2k2j2, and so completes the proof.
3.1 Preliminaries
We start with presenting some basic properties of the elements in H = Hol(G) = GR ⋊ Aut(G). For
g ∈ G, we also use g to represent the corresponding element of GR. Recall that Aut(G) = 〈x〉 × 〈y〉
where x : a→ a−1 and y : a→ a5.
Lemma 3.3. Let h = aαxβyγ ∈ H where 0 6 α 6 2n − 1, 0 6 β 6 1 and 0 6 γ 6 2n−2 − 1.
1. If h = aαyβ, then
hr = a
α
(
1−5−rγ
1−5−γ
)
yrγ .
2. If h = aαx, then h is an involution.
3. If h = aαxyγ with γ 6= 0, then
hr =

a
α
r−1∑
s=0
(−1)s5−sγ
xyrγ if r is odd,
a
α
(
1−5−rγ
1+5−γ
)
yrγ if r is even.
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Proof. 1. Suppose that h = aαyγ . Then
h2 = aαyγaαyγ = aα(aα)y
−γ
y2γ = aαaα5
−γ
y2γ = aα(1+5
−γ )y2γ
Suppose that
hr = a
α
r−1∑
s=0
5−sγ
yrγ
holds for r 6 ℓ. Let r = ℓ+ 1, and so
hr+1 =a
α
r−1∑
s=0
5−sγ
yrγaαyγ
=a
α
r−1∑
s=0
5−sγ
(aα)y
−rγ
y(r+1)γ
=a
α
r−1∑
s=0
5−sγ
aα5
−rγ
y(r+1)γ
=a
α
r∑
s=0
5−sγ
y(r+1)γ .
Thus we have that
hr = a
α
r−1∑
s=0
5−sγ
yrγ .
Since
r−1∑
s=0
5−sγ = 1−5
−rγ
1−5−γ ,
we have that
hr = a
α
(
1−5−rγ
1−5−γ
)
yrγ . (12)
2. Suppose that h = aαx. Thus h2 = aαxaαx = aαa−αxx = 1. Thus aαx is an involution in H.
3. Suppose that h = aαxyγ . Thus
h2 = aαxyγaαxyγ =aαx(aα)y
−γ
xy2γ
=aαxaα5
−γ
xy2γ
=aαa−α5
−γ
y2γ
=aα(1−5
−γ )y2γ ,
and
h3 = aα(1−5
−γ )y2γaαxyγ = aα(1−5
−γ )(aα)y
−2γ
xy3γ
= aα(1−5
−γ )aα5
−2γ
xy3γ
= aα(1−5
−γ+5−2γ )xy3γ .
Suppose that when r 6 2ℓ we have that
hr = a
α
r−1∑
s=0
(−1)s5−sγ
yrγ
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for r even, and
hr = a
α
r−1∑
s=0
(−1)s5−sγ
xyrγ
for r odd. Now we check r = 2ℓ+ 1 and r = 2(ℓ+ 1). If r = 2ℓ+ 1, then
hr = hr−1aαxyγ = a
α
r−2∑
s=0
(−1)s5−sγ
y(r−1)γaαxyγ
= a
α
r−2∑
s=0
(−1)s5−sγ
aα5
−(r−1)γ
xyrγ
= a
α
r−1∑
s=0
(−1)s5−sγ
xyrγ .
If r = 2(ℓ+ 1), then
hr = hr−2h2 = a
α
r−3∑
s=0
(−1)s5−sγ
y(r−2)γaα(1−5
−γ )y2γ
= a
α
r−3∑
s=0
(−1)s5−sγ
a[α(1−5
−γ)]5−(r−2)γyrγ
= a
α
r−1∑
s=0
(−1)s5−sγ
yrγ .
If r is even, then
r−1∑
s=0
(−1)s5−sγ = 1−5
−rγ
1+5−γ
Hence we have that
hr = a
α
(
1−5−rγ
1+5−γ
)
yrγ , (13)
when r is even, and
hr = a
α
r−1∑
s=0
(−1)s5−sγ
xyrγ (14)
when r is odd.
Lemma 3.4. Let h ∈ H, and suppose that 0 6 α 6 2n − 1, 0 6 β 6 1 and 0 6 γ 6 2n−2 − 1.
1. If h = aαyγ, then |h| = max(2
n−2
γ2
, 2
n
α2
);
2. If h = aαxyγ with γ 6= 0, then |h| = 2
n−1
γ2(α,2)
.
Proof. (Case 1) Suppose that h = aαyγ and hr = 1 for some r. Since |H| = 22n−1, we have that
r = 2t = r2 for some 1 6 t 6 2n− 1. By Lemma 3.3(1) we have that 2
n−2
∣∣ rγ and 2n ∣∣ α(1−5rγ1−5γ ). By
Lemma 3.2 we have that
(
1−5rγ
1−5γ
)
2
= r2 = r. Thus 2
n−2
∣∣ rγ and 2n ∣∣ α2r. Hence max(2n−2γ2 , 2nα2 ) | r.
This implies that |h| = max(2
n−2
γ2
, 2
n
α2
), in particular, if α is odd, then |h| = 2n.
(Case 2) Suppose that h = aαxyγ where 1 6 γ 6 2n−2 − 1, and hr = 1. Similarly we have r = 2t
for some 1 6 t 6 2n − 1. Since r is even, by Lemma 3.3(3) we have that hr = a
α
(
1−5−rγ
1+5−γ
)
yrγ , and so
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2n
∣∣ α(1−5−rγ1+5−γ ) and 2n−2 ∣∣ rγ. By Lemma 3.2, we have that (1−5−rγ1+5−γ )
2
= 2r2γ2. Thus 2
n
∣∣ 2r2γ2α2,
and so we have that
2n−1
∣∣ r2γ2α2 (15)
and since 2n−2
∣∣ rγ, we have
2n−2
∣∣ r2γ2 (16)
1. If α is odd, then (15) implies that 2n−1
∣∣ r2γ2, and so |h| = 2n−1γ2 .
2. If α is even, then (16) implies (15). Thus we may conclude that |h| = 2
n−2
γ2
.
Lemma 3.5. Let h ∈ H, and suppose that h = aαxβyγ with 0 6 α 6 2n − 1, 0 6 β 6 1 and
0 6 γ 6 2n−2 − 1. Then h is conjugate in H to aα2xβyγ.
Proof. Write α = α2α2′ . Then there exists ρ ∈ Aut(G) such that a
ρ = aα2′ as α2′ is odd. Since
Aut(G) = 〈x, y〉 is abelian, we have that
ρhρ−1 = (ρaα2α2′ρ−1)xβyγ = (aα2α2′ )ρ
−1
xβyγ = aα2xβyγ ,
and the result follows.
Now we assemble some results that enable us to write subgroups of Hol(G) in a convenient way.
Lemma 3.6. Let 1 6 α,α′ 6 2n − 1 and 1 6 γ, γ′ 6 2n−2 − 1, and L = 〈aαyγ , aα
′
xyγ
′
〉. Then up to
conjugacy, for some ξ, one of the following holds:
1. L = 〈aξx, aαyγ〉,
2. L = 〈aξ , aα
′
xyγ
′
〉.
Proof. Since 〈y〉 ∼= Z2n−2 , we have that either 〈y
γ〉 > 〈yγ
′
〉, or 〈yγ〉 < 〈yγ
′
〉.
Suppose that 〈yγ〉 > 〈yγ
′
〉. Thus there exists some 1 6 t 6 2n−2 − 1 such that yγ
′
= (yγ)t. Let
u = (aαyγ)t, and so by Lemma 3.3,
u = aMyγ·t = aMyγ
′
with M = α · 1−5
−γ·t
1−5−γ . Thus
u−1(aα
′
xyγ
′
) = aM
′
y−γ
′
aα
′
xyγ
′
= aM
′
(aα
′
)y
γ′
x
= aM
′
aM
′′
x
with M ′′ = α′ · 5γ
′
. Let ξ =M ′ +M ′′, and so L = 〈aξx, aαyγ〉.
Now suppose that 〈yγ〉 < 〈yγ
′
〉. Thus 〈yγ〉 6 〈y2γ
′
〉, that is, there exists some 1 6 t 6 2n−2− 1 such
that yγ = (y2γ
′
)t. Since x2 = 1 and x, y commute, we have that
yγ = (y2γ
′
)t = ((xyγ
′
)2)t = (xyγ
′
)2t.
Let u = (aα
′
xyγ
′
)2t, and so by Lemma 3.3(3) we have that u = aMyγ with M = α′ · 1−5
−γ′·2t
1+5−γ′
. Thus
aαyγu−1 = aαyγy−γa−M
= aα−M .
Let ξ = α−M , and so we have that L = 〈aξ, aα
′
xyγ
′
〉.
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Lemma 3.7. Let 1 6 α,α′ 6 2n − 1 and 1 6 γ 6 2n−2 − 1, and L = 〈aαx, aα
′
xyγ〉. Then L =
〈aα−α
′
yγ , aα
′
xyγ〉.
Proof. Since
(aαx)(aα
′
xyγ) = aα−α
′
yγ ,
we have that L = 〈aα−α
′
yγ , aα
′
xyγ〉.
Lemma 3.8. Let L = 〈aαyγ , aα
′
yγ
′
〉 for some 1 6 α,α′ 6 2n − 1 and 1 6 γ, γ′ 6 2n−2 − 1. Suppose
that (γ)2 6 (γ
′)2. Then L = 〈a
αyγ , aξ〉 for some ξ.
Proof. Let r =
γ′
2
γ2
· γ−1
2′
γ′2′ . Then we have that
(aαyγ)r = a
α· 1−5
−rγ
1−5−γ yγ·r
= a
α· 1−5
−rγ
1−5−γ yγ
′
= aMyγ
′
,
where M = α · 1−5
−rγ
1−5−γ . Thus
(aαyγ)r · (aα
′
yγ
′
)−1 = aMyγ
′
· y−γ
′
a−α
′
= aM−α
′
= aξ
with ξ =M − α′. Thus we have that L = 〈aαyγ , aξ〉.
Lemma 3.9. Let 1 6 α,α′ 6 2n − 1 and 1 6 γ, γ′ 6 2n−2 − 1, and L = 〈aαxyγ , aα
′
xyγ
′
〉. Then up to
conjugacy, for some M and ξ, one of the following holds:
1. L = 〈aξx, aMyγ+γ
′
〉,
2. L = 〈aξ , aα
′
xyγ
′
〉.
Proof. Since
(aαxyγ) · (aα
′
xyγ
′
) = aαyγa−α
′
yγ
′
= aα−α
′·5−γyγ+γ
′
,
we have that L = 〈aMyγ+γ
′
, aα
′
xyγ
′
〉 with M = α − α′ · 5−γ . By Lemma 3.6 we have that either
L = 〈aξx, aMyγ+γ
′
〉, or L = 〈aξ, aα
′
xyγ
′
〉 for some ξ.
3.2 Semiregular Elements
Definition 3.10. A group X is semiregular on a finite set Ω if Xω = 1 for all ω ∈ Ω. We say that
g ∈ X is a semiregular element (or semiregular) if 〈g〉 is semiregular on Ω.
Recall that G = 〈a〉 ∼= Z2n and H = Hol(G). Let R be a subgroup of H. If R is regular, then
each element of R is semiregular. Thus it is necessary to study the semiregular elements of H and we
classify all such elements in this section.
Let g = aǫ ∈ G where 1 6 ǫ 6 2n−1. We now view the elements ofG as the elements of GR 6 Hol(G)
and of the set G that Hol(G) acts on. Precisely, this means that for h = aαxβyγ ∈ Hol(G) we have that
gh = (aǫ)a
αxβyγ = (aǫ+α)x
βyγ .
Moreover, Hg denotes the stabiliser of g ∈ Ω in H.
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Lemma 3.11. Let g ∈ G and g 6= 1. Then Hg = 〈g
−2x, g5
−1−1y〉.
Proof. Since H1 = 〈x, y〉, we have that Hg = H
g
1 = 〈g
−2x, g5
−1−1y〉.
Lemma 3.12. Let h ∈ H and h 6= 1. Then h is semiregular if and only if h
|h|
2 is semiregular.
Proof. Recall that if h is not semiregular, then there exists some g ∈ G and some k such that gh
k
= g
and hk 6= 1. Moreover, any power of hk fixes g. Clearly if h is semiregular, then h
|h|
2 is semiregular.
Now suppose that h
|h|
2 is semiregular. Since 〈h
|h|
2 〉 6 〈hk〉 for all 1 6 k 6 |h| − 1, we have that h is
semiregular.
Let h ∈ H, and suppose that h = aαxβyγ where 0 6 α 6 2n − 1, 0 6 β 6 1 and 0 6 γ 6 2n−2 − 1.
By Lemma 3.5 we have that h is conjugate to aα2xβyγ where α2 = 2
t for some 0 6 t 6 n. Note that
if two elements are conjugate, then either they are both semiregular, or both non-semiregular. Thus it
is sufficient to check which a2
t
xβyγ are semiregular with 0 6 t 6 n. Let h = a2
t
xβyγ . We may observe
that if t = n, that is, h = xβyγ , then h is semiregular if and only if h = 1. Thus we may assume that
0 6 t 6 n− 1. Also we know that if h is semiregular, then hr fixes a group element in G if and only if
hr = 1.
Lemma 3.13. Suppose that h = a2
t
yγ where 0 6 t 6 n−1 and 1 6 γ 6 2n−2−1. Then h is semiregular
if and only if h = a2
t
yγ with 2t < 4γ2.
Proof. First we show that h is semiregular if 2t < 4γ2. Since 2
t < 4γ2, we have that γ2 > 2
t−1 and so
by Lemma 3.4, |h| = 2n−t. Thus
h
|h|
2 = h2
n−t−1
= (a2
t
yγ)2
n−t−1
= aMyγ·2
n−t−1
= aM
with M = 2t 1−5
−2n−t−1γ
1−5−γ . By Lemma 3.2 we have that M2 = 2
n−1 and so h
|h|
2 = a2
n−1
∈ GR. Thus h
|h|
2
is semiregular, and so by Lemma 3.12 we have that h is semiregular when 2t < 4γ2.
Now suppose that 2t > 4γ2, and so by Lemma 3.4, |h| =
2n−2
γ2
. Thus
h
|h|
2 = (a2
t
yγ)
2n−3
γ2
= aMy2
n−3γ
2′
with M = 2t 1−5
−γ( 2
n−3
γ2
)
1−5−γ , and so by Lemma 3.2, M2 =
2n+t−3
γ2
. Observe that y2
n−3γ
2′ = y2
n−3
as γ2′ is
odd and |y2
n−3
| = 2. Thus h
|h|
2 = aMy2
n−3
. If 2t > 4γ2, then
M2 > 2
n−1,
which implies that 2n | M . Thus h
|h|
2 = y2
n−3
∈ H1, and by Lemma 3.12 we have that h is not
semiregular.
If 2t = 4γ2, then h
|h|
2 = a2
n−1
y2
n−3
. Since
aa
2n−1y2
n−3
= a(1+2
n−1)·52
n−3
= a(5
2n−3−1)+2n−1·52
n−3
+1
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and by Lemma 3.1, we have that 52
n−3
≡ 1 (mod 2n−1), and so
aa
2n−1y2
n−3
= a. (17)
Thus h
|h|
2 is not semiregular when 2t = 4γ2. Hence h is not semiregular when 2
t > 4γ2, and so we
conclude that h is semiregular if and only if 2t < 4γ2.
Lemma 3.14. Suppose that h = a2
t
x with 0 6 t 6 n− 1. Then h is semiregular if and only if h = ax.
Proof. By Lemma 3.11, H
a−2t−1
= 〈a2
t
x, a−2
t−1(5−1−1)〉, and so if t > 1, then h fixes a−2
t−1
, and so h
is not semiregular. If t = 0, then since h is an involution and interchanges the cosets 〈a2〉 and 〈a2〉a, h
is semiregular.
Lemma 3.15. Suppose that h = a2
t
xyγ with 0 6 t 6 n and 1 6 γ 6 2n−2 − 1. Then h is semiregular
if and only if h = axyγ .
Proof. First suppose that t = 0, and so |h| = 2
n−1
γ2
by Lemma 3.4. Since |h|2 is even, by Lemma 3.3(3)
we have that
h
|h|
2 = (axyγ)
2n−2
γ2 = aM
with M = 1−5
−γ· 2
n−2
γ2
1+5−γ by Lemma 3.3. Thus by Lemma 3.2, M2 = 2γ2
2n−2
γ2
= 2n−1, which implies that
h
|h|
2 = a2
n−1
∈ G. Hence by Lemma 3.12, h is semiregular when t = 0.
Suppose now that t > 1, and so |h| = 2
n−2
γ2
. Notice that |h|2 is even if and only if γ2 < 2
n−3. Assume
that γ2 < 2
n−3, then
h
|h|
2 = aMy
γ· 2
n−3
γ2
= aMy2
n−3
with M = 2t 1−5
−γ·
|h|
2
1+5−γ
by Lemma 3.3, and so by Lemma 3.2
h
|h|
2 = a2
n+t−2
y2
n−3
.
If t > 2, then h
|h|
2 = y2
n−3
6= 1 and y2
n−3
∈ H1, which implies that h
|h|
2 is not semiregular. Thus we
may assume that t = 1. Then h
|h|
2 = a2
n−1
y2
n−3
, and so by (17) we have that h
|h|
2 fixes a. Thus h
|h|
2
is not semiregular, and by Lemma 3.12 we have that h is not semiregular. Hence h is not semiregular
when γ2 < 2
n−3 and t > 1.
Now it remains to consider the case where γ2 = 2
n−3 and t > 1. Here |h| = 2. By Lemma 3.11 we
have that
H
a2t−1
= 〈a−2
t
x, a2
t−1(5−1−1)y〉.
Thus (a2
t−1(5−1−1)y)2
n−3
∈ H
a2t−1
, and so H
a2t−1
also contains
a−2
t
x[(a2
t−1(5−1−1)y)2
n−3
] = a−2
t
x[a
2t−1(5−1−1) 1−5
−2n−3
1−5−1 y2
n−3
]
= a−2
t
x[a2
t−1(5−2
n−3
−1)y2
n−3
]
= a−2
t
xa2
t−12ℓy2
n−3
= a−2
t
a−2
tℓxy2
n−3
= a2
tMxy2
n−3
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with M = −(1 + ℓ) and 5−2
n−3
− 1 = 2ℓ. Note that by Lemma 3.1, 5−2
n−3
≡ 1 (mod 2n−1), and so ℓ is
even and M is odd. Since a2
tMxy2
n−3
6= 1, we have that a2
tMxy2
n−3
is not semiregular. Moreover, by
Lemma 3.5, a2
tMxy2
n−3
and h = a2
t
xy2
n−3
are conjugate. Thus h is not semiregular when t > 1 and
γ2 = 2
n−3, and so h is not semiregular with t > 1. Hence h is semiregular if and only if h = axyγ .
Notice that GR acts regularly on Ω = G, and so g is semiregular for all g ∈ GR. Since all elements of
GR of the same order are conjugate in Hol(G), together with Lemma 3.13, Lemma 3.14 and Lemma 3.15
we obtain the following theorem.
Theorem 3.16. Let h ∈ H. If n > 3, then h is semiregular if and only if h is conjugate to one of
1. a2
t
with 0 6 t 6 n− 1,
2. a2
t
yγ with 2t < 4γ2 and 1 6 γ 6 2
n−2 − 1,
3. axyγ with 0 6 γ 6 2n−2 − 1.
3.3 Proof of Theorem 1.4
The next result provides a necessary condition for a subgroup of H to be regular.
Theorem 3.17. If R is a regular subgroup of H, then up to conjugacy, R has exactly one of the
following types:
1. R = GR;
2. R = (R ∩GR)〈a
2tyγ〉 where 2t < 4γ2 and 1 6 γ 6 2
n−2 − 1;
3. R = (R ∩GR)〈ax〉;
4. R = (R ∩GR)〈axy
γ〉 where 1 6 γ 6 2n−2 − 1;
5. R = (R ∩GR)〈ax, a
ǫyγ〉 where 2 6 ǫ2 < 4γ2 and 1 6 γ 6 2
n−2 − 1.
Proof. By the Second Isomorphism Theorem, we have that
RupslopeR ∩GR
∼= RGRupslopeGR 6
HupslopeGR
= Aut(G) = 〈x〉 × 〈y〉.
Thus either R = GR, or R = 〈R ∩GR, h〉 or R = 〈R ∩GR, h1, h2〉 where h, h1, h2 /∈ GR.
Suppose first that R = 〈R ∩ GR, h〉. Since R is semiregular, so is h and so Theorem 3.16 implies
that up to conjugacy
1. h = a2
t
yγ with 2t < 4γ2 and 1 6 γ 6 2
n−2 − 1;
2. h = axyγ with 0 6 γ 6 2n−2 − 1.
If h = a2
t
yγ where 2t < 4γ2 with 1 6 γ 6 2
n−2 − 1, then we get case (2) of this theorem. Case (3) and
case (4) of this theorem follow if h = axyγ with 0 6 γ 6 2n−2 − 1. Thus it is left to consider the case
where R = 〈R ∩GR, h1, h2〉 where h, h1, h2 /∈ GR and in particular R/(R ∩GR) is not cyclic.
Suppose that h1 = a
α1x and h2 = a
α2xβ2yγ2 . Since R is regular, Theorem 3.16 implies that α1 is
odd. If β2 = 0, then using the fact that R/(R∩GR) is not cyclic, R is conjugate to the case (5) of this
theorem. If β2 = 1, then by Theorem 3.16 we have that α2 is also odd. Thus Lemma 3.7 implies that
R = 〈R∩GR, a
ξyγ2 , aα2xyγ2〉, and Lemma 3.13 implies that 2 6 ξ 6 4(γ2)2 as R is regular. Further by
Lemma 3.6, R either conjugates to 〈R ∩GR, a
ξ′x, aξyγ2〉 which implies that R is conjugate to case (5),
or R conjugates to 〈R ∩GR, aα2xyγ2〉, which contradicts R/(R ∩GR) being cyclic.
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Finally suppose that h1 = a
α1xβ1yγ1 and h2 = a
α2xβ2yγ2 with γ1γ2 6= 0. If β1 + β2 = 1, say
β1 = 0 and β2 = 1, then since R/(R ∩ GR) is not cyclic, by Lemma 3.6 we have that up to conjugacy
R = 〈R ∩ GR, a
ξx, aα1yγ〉 for some ξ. Again ξ is odd as R is regular. Thus R is conjugate to case
(5) of the theorem. Now suppose that β1 + β2 = 0. Since R/(R ∩ GR) is not cyclic, we have that
β1 = β2 = 1. Then by Lemma 3.9 and using the fact that R/(R ∩ GR) is cyclic, we have that up to
conjugacy R = 〈R∩GR, a
ξx, aMyγ〉 for some ξ,M and γ. Thus R is conjugate to (5) of the theorem.
Observe that if R = GR, then R is regular on G. Thus to complete the classification of the regular
subgroups of H it remains to check which subgroups of types (2) − (5) in Theorem 3.17 are regular.
Since in these cases R ∩GR < GR, we assume from now on that R ∩GR = 〈a
α〉 with α even.
Type (2).
Let R 6 H be of type (2), that is, R = (R ∩GR)〈a
2tyγ〉 where 2t < 4γ2 and 1 6 γ 6 2
n−2 − 1.
Lemma 3.18. If R is regular, then R = 〈ayγ〉.
Proof. Assume that t > 1. Thus since α is even, we have that aa
α
= a1+α where 1+α is odd. Similarly
aa
2tyγ = a(1+2
t)·5γ where (1 + 2t) · 5γ is odd. Thus aR ⊆ {aǫ|1 6 ǫ 6 2n−1 where ǫ is odd}, and so R is
not transitive on G, which leads to a contradiction. Hence t = 0, that is, R = (R∩GR)〈ay
γ〉. Therefore
R = 〈ayγ〉 as Lemma 3.4 implies that |ayγ | = 2n.
Theorem 3.19. R is regular if and only if R is conjugate to 〈ay2
t
〉 for some 0 6 t 6 n − 3 (n > 3).
Further R ∩GR = 〈a
2n−2−t〉.
Proof. By Lemma 3.18, it remains to show that 〈ayγ〉 is conjugate to 〈ay2
t
〉 for some 0 6 t 6 n− 3.
Write γ = γ2γ2′ and consider (ay
γ2)γ2′ . Then by Lemma 3.3
(ayγ2)γ2′ = a
1−5
−γ2γ2′
1−5−γ2 yγ2γ2′
= a
1−5
−γ2γ2′
1−5−γ2 yγ .
By Lemma 3.2, since γ2′ is odd, we have that (
1−5−γ2γ2′
1−5−γ2
)2 = 1. Thus by Lemma 3.5, (ay
γ2)γ2′ is
conjugate to ayγ , and so 〈(ayγ2)γ2′ 〉 is conjugate to 〈ayγ〉. By Lemma 3.4, 〈ayγ2〉 ∼= Z2n and since γ2′
is odd, we have that 〈ayγ2〉 = 〈(ayγ2)γ2′ 〉. Hence 〈ayγ〉 is conjugate to 〈ayγ2〉. Note that Lemma 3.3
implies that (ay2
t
)2
n−2−t
= aM , with M = 1−5
−2n−2
1−5−2t
. Thus 〈aM 〉 6 R ∩ GR. Notice that for each
u ∈ R ∩ GR, we have that u = (ay
2t)ℓ such that 2n−2−t | ℓ, and so u ∈ 〈aM 〉. Hence R ∩ GR = 〈a
M 〉.
By Lemma 3.2 we have that M2 = 2
n−2−t, and so R ∩GR = 〈a
2n−2−t〉.
Type (3).
Theorem 3.20. Suppose that R = (R ∩ GR)〈ax〉. Then R is regular if and only if R = 〈a
2, ax〉. In
this case, R ∼= D2n .
Proof. (Sufficiency.) Since |ax| = 2, we have that 〈ax〉 ∩GR = 1. Thus
|〈ax, aǫ〉| =
2 · 2n
ǫ2
and so if R is regular we have that ǫ2 = 2. Notice that 〈a
2ǫ
2′ 〉 = 〈a2〉, and so we may let ǫ = 2.
Moreover, since |a2| = 2n−1, and
ax(a2)ax = axa3x = aa−3 = a−2,
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we have that R = 〈a2, ax〉 ∼= D2n .
(Necessity.) It is not hard to show that 〈a2〉 has two orbits on G, which are O1 = {a
ǫ|ǫ is odd}
and O2 = {a
ǫ|ǫ is even}. Observe that a〈a
2〉 = O1. Since a
ax = a−2 ∈ O2, and 〈a
2〉 is transitive on O2,
we may conclude that 〈a2, ax〉 is transitive on G, which by comparing orders implies that 〈a2, ax〉 is
regular. Therefore, R is regular if and only if R = 〈a2, ax〉.
Type (4).
Theorem 3.21. Suppose that R = (R ∩GR)〈axy
γ〉 with 1 6 γ 6 2n−2 − 1 (n > 3). Then R is regular
if and only if R = 〈a2, axy2
n−3
〉. In this case, R is isomorphic to Q2n .
Proof. (Sufficiency.) Recall that R ∩GR = 〈a
α〉 with α even.
Suppose first that n = 3. Then G = Z8 and R = 〈a
α, axy〉. Since α is even, 〈aα, axy〉 6 〈a2, axy〉
and equality holds if and only if α2 = 2. Since |a
2| = 4, (axy)2 = a4 and (axy)−1a2axy = a−2, we have
that 〈a2, axy〉 ∼= Q8. Since (axy)
2 = a4, any element of 〈a2, axy〉\〈a2〉 is of the form aǫxy with ǫ odd,
and so is conjugate to axy in Hol(G). Thus 〈a2, axy〉 is regular as |〈a2, axy〉| = 23. Hence when n = 3,
R is regular if and only if R = 〈a2, axy〉.
Now suppose that n > 3. By Lemma 3.3, (axyγ)
2n−3
γ2 /∈ GR and (axy
γ)
2n−2
γ2 ∈ GR, and
(axyγ)
2n−2
γ2 = a
1−5
−γ· 2
n−2
γ2
1+5−γ y
γ· 2
n−2
γ2
= a2
n−1
,
we have that 〈axyγ〉∩GR = 〈a
2n−1〉. Since R is regular and R = 〈aα, axyγ〉 = 〈aα〉〈axyγ〉, we have that
2n = |〈aα〉〈axyγ〉| =
(2n/α2)(2
n−1/γ2)
2
=
22n−2
α2γ2
.
Hence α2γ2 = 2
n−2. Moreover, by Lemma 3.4, |axyγ | = 2
n−1
γ2
.
Suppose that γ2 6 2
n−4. Let r = |axy
γ |
4 , and so r is even and (axy
γ)r = aMy2
n−3
where M =
1−5−rγ
1+5−γ
. Since M2 = 2γ2r2 = 2 ·
2n−1
4γ2
· γ2 = 2
n−2, we have that (axyγ)r = a2
n−2M
2′y2
n−3
. Notice that
a2
n−2M
2′ ∈ 〈aα〉 = R ∩ GR as 2 6 α2 6 2
n−2. This implies that y2
n−3
∈ R, and so R is not regular.
Thus γ2 = 2
n−3 and α2 = 2. Hence R = 〈a
2, axy2
n−3
〉 as required.
Since (axy2
n−3
)2 = a2
n−1
= (a2)2
n−2
, and
(axy2
n−3
)−1a2(axy2
n−3
) = (xy−2
n−3
a−1)a2(axy2
n−3
)
= a5
2n−3
xy−2
n−3
a2axy2
n−3
= a5
2n−3
xa3·5
2n−3
x
= a−2·5
2n−3
.
By Lemma 3.1, we have that 52
n−3
≡ 1 (mod 2n−1), and so 52
n−3
= 2n−1t+1 and −2·52
n−3
= −2(2n−1t+
1) ≡ −2 (mod 2n). Thus (axy2
n−3
)−1a2(axy2
n−3
) = a−2. Since (a2)2
n−1
= 1 and (axy2
n−3
)4 = 1, we
have that R = 〈a2, axy2
n−3
〉 ∼= Q2n .
(Necessity.) As seen in Type (3), we have that 〈a2〉 has two orbits O1 and O2 on G and a
〈a2〉 = O1.
Since aaxy
2n−3
= a−2
n−2
∈ O2 and 〈a
2〉 is transitive on O2, we have that 〈a
2, axy2
n−3
〉 is transitive on
G, which by comparing orders implies that 〈a2, axy2
n−3
〉 is regular.
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Type (5).
Suppose that R = (R ∩ GR)〈a
ǫyγ , ax〉 with 2 6 ǫ2 6 4γ2 and 1 6 γ 6 2
n−2 − 1 (n > 3) and
R ∩GR = 〈a
α〉 = 〈aα2〉 with 2 6 α2 6 2
n−1. Since R/(R ∩GR) is isomorphic to a subgroup of Aut(G)
and Aut(G) is abelian, we have that 〈aα2 , aǫyγ〉 ✁ R. Let R1 = 〈a
α2 , aǫyγ〉. Since 〈ax〉 ∩ R1 = 1, we
have that R = R1 ⋊ 〈ax〉.
Lemma 3.22. Suppose that R is regular. Then R1 = 〈a
ǫyγ〉 and ǫ2 = 2.
Proof. Observe that since R is regular on G, we have that R1 must be semiregular on G. If ǫ2 > α2,
then aǫ = (aα2)
ǫ2
α2
·ǫ
2′ , and so we have that (aα2)
−
ǫ2
α2
·ǫ
2′aǫyγ = a−ǫaǫyγ = yγ . Thus yγ ∈ R1, which
implies that R1 is not semiregular as y
γ 6= 1 and fixes 1. Hence we may assume that α2 > ǫ2.
Notice that 〈aα2 , aǫyγ〉 is conjugate to 〈aα2 , aǫ2yγ〉, and so we may assume that ǫ2′ = 1. Since
aα2 = (aǫ)
α2
ǫ ,
we have that aα2 = (aǫ)ℓ with ℓ = α2ǫ . Thus by Lemma 3.3,
(aǫyγ)ℓ = aMyγℓ
with M = ǫ1−5
−γℓ
1−5−γ
. By Lemma 3.2, we have that M2 = ǫ2ℓ2 = α2. Thus
(aǫyγ)ℓ =aMyγℓ
=aα2M2′yγℓ.
Suppose that 2n−2 ∤ γℓ. Thus yγℓ = a−α2M2′ (aǫyγ)ℓ, and so yγℓ ∈ R1 which implies that R1 is not
semiregular. Thus 2n−2
∣∣ γℓ, that is, (aǫyγ)ℓ = aα2M2′ . SinceM2′ is odd, we have that 〈aα2M2′ 〉 = 〈aα2〉,
which implies that 〈aα2〉 = 〈(aǫyγ)ℓ〉. Since (aǫyγ)ℓ ∈ 〈aǫyγ〉, we have that 〈aα2〉 6 〈aǫyγ〉, which implies
that R1 = 〈a
ǫyγ〉. Since |R1| = |a
ǫyγ | = 2n−1 and |aǫyγ | = max(2
n−2
γ2
, 2
n
ǫ2
) by Lemma 3.4, we have that
ǫ2 = 2.
Theorem 3.23. If n > 3, then R is regular if and only if one of the following holds
1. R = 〈a2y2
n−3
〉⋊ 〈ax〉 with R ∩GR = 〈a4〉, and R ∼= QD2n is a quasidihedral group;
2. R = 〈a2·5
−1
y〉 × 〈ax〉 and R ∩GR = 〈a
2n−1〉;
3. R = 〈a2·5
−1+2n−2y〉⋊ 〈ax〉 with R ∩GR = 〈a
2n−1〉, and R ∼=Mn(2).
Proof. (Sufficiency.) Suppose that R is regular. Then |R| = 2n. By Lemma 3.22, we have that
R1 = 〈a
ǫyγ〉 with ǫ2 = 2. Since 〈a
α2〉 6 R1, we have that R1 ∩ GR = R ∩ GR. Let m = 2
n−2/γ2.
Notice that for all u ∈ R ∩ GR, u = (a
ǫyγ)ℓ where 2n−2 | γ2ℓ2, and so R ∩ GR 6 〈(a
ǫyγ)m〉. Thus
〈(aǫyγ)m〉 = R ∩GR. Since
(aǫyγ)m = a
ǫ 1−5
−mγ
1−5−γ ,
we have that
|R ∩GR| = |(a
ǫyγ)m| =
2n
ǫ2m2
= 2γ2. (18)
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Since R ∩ GR = R1 ∩ GR, and R/(R ∩ GR) is abelian, we have that [a
ǫyγ , ax] ∈ R ∩ GR, which
implies that |[aǫyγ , ax]|
∣∣ |R ∩GR|. Since (aǫyγ)−1 = a−ǫ·5γy−γ , we have that
[aǫyγ , ax] = a−ǫ·5
γ
y−γaxaǫyγax
= a−ǫ·5
γ
y−γaa−ǫyγxax
= a−ǫ·5
γ
a(1−ǫ)5
γ
a−1
= a−ǫ·5
γ+(1−ǫ)5γ−1
= a(1−2ǫ)5
γ−1. (19)
Recall that
5γ = 1 +
γ∑
i=1
4i
(
γ
i
)
,
and so
(1− 2ǫ)5γ − 1 =(1− 2ǫ) + (1− 2ǫ)
γ∑
i=1
4i
(
γ
i
)
− 1
=− 2ǫ+ (1− 2ǫ)
γ∑
i=1
4i
(
γ
i
)
.
If γ is even, then (1−2ǫ)
γ∑
i=1
4i
(γ
i
)
is divisible by 8 and so, since ǫ2 = 2, we have that [5
γ−2ǫ5γ−1]2 = 4.
Thus |[aǫyγ , ax]| = 2n−2. Thus 2n−2
∣∣ 2γ2, and so we have that γ2 = 2n−3, which implies that
γ = 2n−3. By (18), we have that |R ∩ G| = 2n−2, that is, R ∩ G = 〈a4〉. Since ǫ2 = 2, we have that
ǫ− 2 = 2 · ǫ2′ − 2 = 2(ǫ2′ − 1) and so 4 | ǫ− 2. Thus there exists ℓ such that
aǫy2
n−3
= (a4)ℓ · a2y2
n−3
,
which implies that a2y2
n−3
∈ R1. Hence R = 〈a
2y2
n−3
〉 ⋊ 〈ax〉. Moreover, by Lemma 3.3(2) and
Lemma 3.4, |a2y2
n−3
| = |ax| = 2n−1. Since
ax(a2y2
n−3
)ax =a−1y2
n−3
xax
=a−1y2
n−3
a−1
=a−1a−5
2n−3
y2
n−3
=a−(1+5
2n−3 )y2
n−3
,
and by Lemma 3.1 we have that 1 + 52
n−3
≡ 2 (mod 2n−1), and so
ax(a2y2
n−3
)ax = a−(2+2
n−1)y2
n−3
.
Notice that by Lemma 3.2 and Lemma 3.3,
(a2y2
n−3
)2
n−2
= a
2 1−5
−2n−3 ·2n−2
1−5−2
n−3 = a2
n−1
,
and so
(a2y2
n−3
)2
n−2−1 = a2
n−1
(a2y2
n−3
)−1 = a2
n−1
a−2·5
2n−3
y2
n−3
= a2
n−1−2·52
n−3
y2
n−3
.
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By Lemma 3.1 we have that −2 · 52
n−3
≡ −2 (mod 2n), and so
(a2y2
n−3
)2
n−2−1 = a−2+2
n−1
y2
n−3
= a−(2+2
n−1)y2
n−3
.
Hence ax(a2y2
n−3
)ax = (a2y2
n−3
)2
n−2−1. Therefore, R = 〈a2y2
n−3
〉 ⋊ 〈ax〉 ∼= QD2n , that is a quasidi-
hedral group.
Suppose that γ is odd, that is, γ2 = 1. Suppose that γ 6= 1. By Lemma 3.2 we have that
1−5−γ
1−5−1
is
odd, so it has an inverse in Z∗2n . Let ǫ
′ = ǫ
(
1−5−γ
1−5−1
)−1
. Thus ǫ′2 = 2, and
(aǫ
′
y)γ = aǫyγ .
Hence R1 = 〈a
ǫyγ〉 6 〈aǫ
′
y〉. By Lemma 3.4, we have that |aǫ
′
y| = 2n−1. Since |R1| = 2
n−1, we have
that R1 = 〈a
ǫ′y〉. Thus we may assume that γ = 1.
Since γ = 1, by (18) we have that R∩GR = 〈a
2n−1〉, and so [aǫy, ax] = 1 or [aǫy, ax] = a2
n−1
. First
suppose that [aǫy, ax] = 1. Thus R is abelian, and by (19) we have that 2n
∣∣ [(1 − 2ǫ)5 − 1], that is,
2n
∣∣ (4 − 2ǫ2ǫ2′ · 5), and so 2n ∣∣ (4 − 4 · 5ǫ2′) as ǫ2 = 2. Thus 2n−2 ∣∣ (5ǫ2′ − 1), which implies that
ǫ2′ = 5
−1(2n−2ℓ+1) for some ℓ. Thus ǫ = 2ǫ2′ = 2
n−1 ·5−1ℓ+2·5−1. Since a2
n−1·5−1ℓ ∈ 〈a2
n−1
〉 = R∩GR,
we have that R = 〈aǫyγ〉 × 〈ax〉 = 〈a2·5
−1
y〉 × 〈ax〉.
Now suppose that [aǫy, ax] = a2
n−1
, that is, R is nonabelian. By (19), we have that [aǫy, ax] =
a5−2·5ǫ−1 = a4−2·5ǫ, and so
2n−1
∣∣ (4− 2 · 5ǫ), and 2n ∤ (4− 2 · 5ǫ).
Thus we have that 2n−2
∣∣ (2−5ǫ) and 2n−1 ∤ (2−5ǫ), which implies that ǫ = 2 ·5−1+2n−2ℓ where ℓ = 1
or ℓ = 3. Observe that if ℓ = 3, then ǫ = 2 · 5−1 + 2n−2 + 2n−1. Since a2
n−1
∈ R ∩ GR, we have that
〈aǫy〉 = 〈a2
n−1
, aǫy〉 = 〈a2·5
−1+2n−2y〉. Hence R = 〈a2·5
−1+2n−2y〉 ⋊ 〈ax〉. Moreover, by Lemma 3.3(2)
and Lemma 3.4, |a2·5
−1+2n−2y| = |ax| = 2n−1. Let t = 2 · 5−1 + 2n−2, and so
ax(aty)ax = a1−tyxax = a1−tya−1y−1y = a1−ta−5
−1
y = a1−3·5
−1−2n−2y.
Notice that by Lemma 3.3,
(aty)2
n−2
= a
t 1−5
−2n−2
1−5−1 .
Let M = t1−5
−2n−2
1−5−1
, and by Lemma 3.2 we have that M2 = 2
n−2t2. Since t2 = 2, we have that
M2 = 2
n−1, that is, (aty)2
n−2
= a2
n−1
. Hence
(aty)2
n−2+1 = a2
n−1
aty = a2
n−1+ty = a2
n−1+2·5−1+2n−2y.
Since
2n−1 + 2 · 5−1 + 2n−2 =(1− 1) + 2 · 5−1 + 2n−2 − 2n−1
=1− 5 · 5−1 + 2 · 5−1 + 2n−2(1− 2)
=1− 3 · 5−1 − 2n−2,
we conclude that ax(aty)ax = (aty)2
n−2+1. Hence in this case,
R = 〈a2·5
−1+2n−2y〉⋊ 〈ax〉 ∼=Mn(2).
(Necessity.) Now suppose that R = 〈a2y2
n−3
〉 ⋊ 〈ax〉. We show that R is regular by proving
that R is transitive on G. Since a2y2
n−3
has order 2n−1 and is semiregular by Theorem 3.16, we
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have that 〈a2y2
n−3
〉 has two orbits on G, say O1 and O2. We may assume that a
〈a2y2
n−3
〉 = O1.
Since (a2y2
n−3
)r = a
2· 1−5
−2n−3r
1−5−2
n−3 y2
n−3r and 2 · 1−5
−2n−3r
1−5−2n−3
is even for all 1 6 r 6 2n−1, we have that
O1 = {a
ℓ|ℓ is odd}. Since aax = a−2, we have that aax ∈ O2. Since 〈a
2y2
n−3
〉 is transitive on O2, we
conclude that R is transitive on G. Hence R is regular.
With the same arguments, we conclude that if R = 〈a2·5
−1
y〉 × 〈ax〉, then R is regular; and if
R = 〈a2·5
−1+2n−2y〉⋊ 〈ax〉, then R is regular as well.
Proof of Theorem 1.4. Let R be a regular subgroup of H. Then R belongs to one of the five
types (1) − (5) in Theorem 3.17. If R = R ∩GR, then R = GR as R is regular. Thus we may assume
that R ∩GR < R.
Suppose that R = (R∩GR)〈a
ǫyγ〉, that is, R = 〈a2
t
, aǫyγ〉 where 1 6 t 6 n−1. Thus by Lemma 3.18,
we have that if R is regular then R is conjugate to 〈ayγ〉. Further by Theorem 3.19 we have that R is
regular if and only if R = 〈ay2
t
〉 where 0 6 t 6 n− 2.
Suppose that R = (R ∩ GR)〈a
ǫx〉, that is, R = 〈a2
t
, aǫx〉 where 1 6 t 6 n − 1. By Theorem 3.20,
we have that R is regular if and only if R = 〈a2, ax〉.
Suppose that R = (R ∩ GR)〈a
ǫxyγ〉, that is, R = 〈a2
t
, aǫxyγ〉 where 1 6 t 6 n − 1. Then by
Theorem 3.21, R is regular if and only if R = 〈a2, axy2
n−3
〉.
Suppose that R = (R∩GR)〈a
ǫx, aǫ
′
yγ〉. Since R is regular, by Theorem 3.16 we have that ǫ must be
odd. Up to conjugacy, we may assume that R = (R ∩GR)〈ax, a
ǫ′yγ〉. By Lemma 3.22, if R is regular,
then ǫ′ must be even. By Theorem 3.23, if γ = 2n−3, then R = 〈a2y2
n−3
〉⋊ 〈ax〉. If γ = 1, then either
R = 〈a2·5
−1
y〉 × 〈ax〉 that is abelian, or R = 〈a2·5
−1+2n−2y〉⋊ 〈ax〉 that is nonabelian.
3.4 Normality of the Cyclic Regular Subgroups in Hol(G)
Recall that G has the NNN-property if and only if there exists an NNN-graph for it. Suppose that Γ is
a normal circulant for G. All regular subgroups of Aut(Γ) are regular in Hol(G) as Aut(Γ) 6 Hol(G).
If all the regular cyclic subgroups of Aut(Γ) are normal in Hol(G), then we have that Γ is not an
NNN-graph for G. If there exists a non-normal regular cyclic subgroup H in Hol(G), then next we
check whether H is a non-normal subgroup of Aut(Γ). If it is, then we have found an NNN-graph for
G, which implies that G has the NNN-property. Hence it is necessary to investigate the normality of
the regular cyclic subgroups of Hol(G), which are the regular subgroups of Type (2) in Theorem 1.4.
Theorem 3.24. Let R be a regular cyclic subgroup of Hol(G). Then R is normal in Hol(G) if and
only if R = GR or R = 〈ay
2n−3〉.
Proof. Since R is cyclic, by Theorem 1.4, we have that R = GR or R = 〈ay
2t〉 for 0 ≤ t ≤ n−3. Clearly
if R = GR, then R is normal in Hol(G).
Suppose that R 6= GR. Let N = R ∩ GR. Since R = 〈ay
2t〉 and (ay2
t
)2
n−2−t
∈ GR, by Lemma 3.3
we have that
(ay2
t
)2
n−2−t
= a
1−5−2
n−2−t ·2t
1−5−2
t ,
and so by Lemma 3.2 we have that R ∩GR = 〈a2
n−2−t
〉. Thus |R ∩GR| = 2t+2. Now consider (ay2
t
)x,
that is,
(ay2
t
)x = a−1y2
t
.
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Thus
((ay2
t
)x)−1ay2
t
= y−2
t
a2y2
t
= (a2)y
2t
= a2·5
2t
,
and so ((ay2
t
)x)−1ay2
t
∈ 〈a2〉. Notice that if R✂Hol(G), then ((ay2
t
)x)−1ay2
t
∈ R. Thus 〈a2〉 6 R∩GR,
and so |R ∩ GR| > 2
n−1. Since |R ∩ GR| = 2
t+2, we have that t = n − 3. Hence R is non-normal in
Hol(G) for all 0 6 t 6 n− 4.
Now let R = 〈ay2
n−3
〉. Thus R ∩GR = 〈a
2〉, which implies that
Hol(G)/(R ∩GR) ∼= C2 × 〈x, y〉.
Since the quotient group is abelian, we have that R✂Hol(G).
Corollary 3.25. Let Γ be a circulant for Z2n . If Γ is an NNN-graph for Z2n , then y
2n−4 ∈ Aut(Γ).
Proof. If Γ is NNN for Z2n , then Aut(Γ) contains two isomorphic regular subgroups where one is normal
and the other one is non-normal. Let R be a non-normal one. By Theorem 1.4 we have that R = 〈ay2
t
〉
for some 0 6 t 6 n − 3. If y2
n−4
/∈ Aut(Γ), then ay2
n−4
/∈ Aut(Γ), which implies that R = 〈ay2
n−3
〉.
Thus by Lemma 3.24 we have that R✂Aut(Γ), which leads to a contradiction.
Theorem 3.24 leads to the following natural question: does there exist a circulant for G whose
automorphism group equals the holomorph group of G? If the answer is yes, then such a circulant is
an NNN-graph for G. Before showing that the answer is no, we need the following lemma.
Lemma 3.26. Let Γ be a circulant for Z2n with n > 3. Suppose that Γ = X[Y ] (lexicographic product)
where X and Y are nontrivial circulants. Then Γ is non-normal for Z2n .
Proof. Let X = Cay(Z2n−t , S) and Y = Cay(Z2t , T ). Thus Aut(Y )wrAut(X) 6 Aut(Γ), and so
|Aut(X)| · |Aut(Y )||X| divides |Aut(Γ)|.
Notice that a circulant has a regular automorphism group if and only if it is isomorphic to K2, and so
X and Y cannot be both such circulants as n > 3. Thus we have that
|Aut(Γ)| > |Aut(X)| · |Aut(Y )||X| > 2n−t(2t)2
n−t
= 22
n−t·t+n−t. (20)
Recall that Hol(Z2n) = GR ⋊Aut(G), and |Hol(Z2n)| = 2
2n−1. Let f(t) = 2n−t · t+ n− t− (2n− 1) =
2n−t ·t−n−t+1. Thus f ′(t) = − (ln (2) t− 1) ·2n−t−1. Notice that when 2 6 t 6 n−1, ln (2) t−1 > 0,
and so f ′(t) < 0. Since f(n− 1) = 0 and f(1) = 2n−1 − n, we have that f(t) > min(0, 2n−1 − n). Since
2n−1 > n for n ∈ N+, we have that f(t) > 0. Thus 2n−t · t+n− t > 2n− 1. Hence by (20) we have that
|Aut(Γ)| > |Aut(X)| · |Aut(Y )||X| > 2n−t(2t)2
n−t
= 22
n−t·t+n−t
> 22n−1,
that is, |Aut(Γ)| > |Hol(Z2n)|. Hence Γ is non-normal for Z2n when n > 3.
Lemma 3.27. Let Γ be a circulant for G. If y ∈ Aut(Γ), then Γ is not normal for G. In particular, Γ
is not an NNN-graph for G.
Proof. First notice that x ∈ Aut(Γ). Let S be the connection set of Γ, and S0 be the set of generators
of G in S. Obviously there exists some aǫ ∈ S0 where ǫ is odd. Since y ∈ Aut(Γ), we have that
y ∈ Aut(Γ)1, and so (a
ǫ)〈x,y〉 ⊂ S0. Note that (a
ǫ)〈x,y〉 is the set of all generators of G. Let H = 〈a2〉.
Thus (aǫ)〈x,y〉 = S0 = S\H = aH, that is, H <S G. Thus by [13, Theorem 1.2] we have that Γ is a
lexicographic product, and so it follows from Lemma 3.26 that Γ is not an NNN-graph for G.
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4 The NNN-Property of Cyclic Groups
The purpose of this section is to prove Theorem 1.3. By Theorem 2.8, it is left to check the NNN-
property of cyclic groups whose order is divisible by 8. Let G = Zn where n = 2
k1pk22 · · · p
kt
t with k1 > 3
and pi an odd prime. Recall that
G ∼= Z2k1 × Zpk22
× · · · × Z
p
kt
t
, (21)
and
Aut(G) = Aut(Z2k1 )×Aut(Zpk22
)× · · · ×Aut(Z
p
kt
t
). (22)
Let a = (a1, . . . , at) be a generator of G where ai generates Zpkii
, and for g = (g1, . . . , gt) ∈ G and
π = (π1, . . . , πt) ∈ Aut(G) we have that,
gπ = (gπ11 , . . . , g
πt
t ).
Let Hol(G) = G⋊Aut(G). By (21) and (22) we have that
Hol(G) = Hol(Z2k1 )×Hol(Zpk22
)× · · · ×Hol(Z
p
kt
t
). (23)
Let Γ = Cay(G,S) be a normal circulant and A = Aut(Γ). Let R 6 A be an cyclic regular subgroup
where R 6= GR and R ∼= G. By Lemma 2.6 we have that
N = Z2ℓ ×
t∏
i=1
Z
p
ki
i
(24)
for some 1 6 ℓ 6 k1 − 1.
Let h ∈ R. Since R 6 Hol(G), we can write h = gπ where g ∈ GR and π ∈ Aut(G). Let
B =
∏t
i=1 Zpkii
6 GR ∩R.
Lemma 4.1. R 6 Hol(Z2k1 )×B.
Proof. Notice that for all 2 6 i 6= j 6 t, we have that CAut(Z
p
ki
i
)(Zpkii
) = {1} and CAut(Z
p
ki
i
)(Z
p
kj
j
) =
Aut(Z
p
ki
i
). Let h ∈ R. Since R is abelian and B 6 R, we have that h = gπ where π ∈ Aut(Z2k1 ), which
implies that R 6 GR ⋊Aut(Z2k1 ). This completes the proof as GR ⋊Aut(Z2k1 ) = Hol(Z2k1 )×B.
Recall that Z2k1 = 〈a1〉 and Aut(Z2k1 ) = 〈x〉 × 〈y〉 where x : a1 7→ a
−1
1 and y : a1 7→ a
5
1. Note that
B is generated by (a2, . . . , at). By the Second Isomorphism Theorem and Lemma 4.1, we have that
R/(R ∩GR) ∼= RGR/GR 6 〈x〉 × 〈y〉. (25)
Recall that N = R∩GR = Z2ℓ ×B for some 1 6 ℓ 6 k1 − 1. Thus R = 〈N,h〉 for some h ∈ R\GR. By
Lemma 4.1 we have that h = rb with r ∈ Hol(Z2k1 ) and b ∈ B. Since B 6 R, we have that R = K ×B
where K = 〈Z2ℓ , r〉 6 Hol(Z2k1 ).
Now G = Z2k1 × B and Hol(Z2k1 ) 6 Hol(G) fixes Z2k1 setwise. Thus as R acts regularly on G,
it follows that K acts regularly on Z2k1 . Since K is cyclic, it follows from Theorem 1.4 that up to
conjugacy R = 〈ay2
ℓ
〉 ×B with 0 6 ℓ 6 k1 − 3. Note that if k1 = 3, then it follows from Theorem 3.24
that R✂Hol(G). Thus from here we may assume that k1 > 4.
Lemma 4.2. If Γ is non-normal for R, then y2
k1−4 ∈ Aut(Γ).
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Proof. By Corollary 3.25 and (23), it implies that if R is non-normal in A, then y2
k1−4 ∈ Aut(Γ).
Theorem 4.3. If y2
k1−4 ∈ Aut(Γ), then Γ is non-normal for G.
Proof. Recall that GR = Z2k1 ×B and Aut(G) = Aut(Z2k1 )×Aut(B). In Z2k1 , for each 0 6 i 6 k1−1,
let Hi = 〈a
2i
1 〉 and Mi be the set of generators of Hi. Let
Si = (Mi ×B) ∩ S.
Thus S =
⋃k1−1
i=0 Si is a disjoint union.
Suppose to the contrary that Γ is normal for G, that is, A = Aut(Γ) = GR ⋊ Aut(G,S). Let
s ∈ S, and write s = (t1, t2) with t1 ∈ Z2k1 and t2 ∈ B. Let f ∈ Aut(B) where f : (a2, . . . , at) 7→
(a−12 , . . . , a
−1
t ). Since S
−1 = S, we have that xf ∈ Aut(G,S). Since y2
k1−4 ∈ A, we have that
y2
k1−4 ∈ Aut(G,S), and so y2
k1−3 ∈ Aut(G,S). Let ρ = y2
k1−3 . We have that ρ acts trivially on B and
ρ : a1 7→ a
2k1−1+1
1 .
Let σ = xρf , and so
σ : (a1, a2, . . . , at) 7→ (a
2k1−1
1 , a
−1
2 , . . . , a
−1
t ).
Obviously ρ, σ ∈ Aut(G,S).
Since Γ is connected, we have that S0 6= ∅. Let s = (t1, t2) ∈ S0, and so t1 = a
2m+1
1 for some odd
m. Since
tρ1 = a
(2m+1)(2k1−1+1)
1 = a
2m+1
1 a
2k1−1
1 = t1a
2k1−1
1 (26)
and
txρ1 = (t
−1
1 )
ρ = (tρ1)
−1 = (t1a
2k1−1
1 )
−1 = t−11 a
2k1−1
1 , (27)
we have that
sρ = (tρ1, t2) = (t1, t2)(a
2k1−1
1 ,1) = sa
2k1−1
1 ,
and
sσ = (txρ1 , t
f
2) = (t
−1
1 , t
−1
2 )(a
2k1−1
1 ,1) = s
−1a2
k1−1
1 . (28)
Thus
S0 =
⋃
s∈I
{s, s−1, sa2
k1−1
1 , s
−1a2
k1−1
1 } (29)
where I ⊆M0 ×B.
Let s = (a2
im
1 , t2) with 1 6 i 6 k1 − 1 and m odd. Since
tρ1 = a
2im(2k1−1+1)
1 = a
2im
1 = t1, (30)
it follows from (30) that
sρ = (a2
im
1 , t2) = s, (31)
and
sσ = sxρ·f = sxf = s−1. (32)
Since y2
k1−4 , xf ∈ Aut(G,S), we have that s〈y
2k1−4 ,xf〉 ⊂ S for all s ∈ S1. Clearly ρ, σ ∈ 〈y
2k1−4 , xf〉.
Let s ∈ S1, and write s = (t1, t2) where t2 ∈ B and t1 = a
2m
1 with m odd. By Lemma 3.1 we have the
following:
ty
2k1−4
1 = a
2m(52
k1−4 )
1 = a
2m(2k1−2ℓ+1)
1 = a
2k1−1+2m
1 = t1a
2k1−1
1 for some ℓ 6= 0, (33)
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t
(y2
k1−4 )3
1 = t
y3·2
k1−4
1 = a
2m(53·2
k1−4)
1 = a
2m(2k1−2ℓ′+1)
1 = a
2k1−1+2m
1 = t1a
2k1−1
1 for some ℓ
′ 6= 0. (34)
Thus we have that
sy
2k1−4
= (ty
2k1−4
1 , t2) = (t1a
2k1−1
1 , t2) = sa
2k1−1
1 , (35)
and
s(y
2k1−4 )3 = (t
(y2
k1−4)3
1 , t2) = (t1a
2k1−1
1 , t2) = sa
2k1−1
1 .
Further we have that
sxy
2k1−4f = s−1a2
k1−1
1 and s
x(y2
k1−4)3f = s−1a2
k1−1
1 ,
which implies that
s〈y
2k1−4 ,xf〉 = {s, s−1, sa2
k1−1
1 , s
−1a2
k1−1
1 }.
If y2
t
∈ Aut(G,S) with t 6 k1 − 4, then
sy
2t
= (a2m·5
2t
1 , t2) ∈ S1.
Thus if y2
k1−4 ∈ A, then
S1 =
⋃
s∈S1
{s, s−1, sa2
k1−1
1 , s
−1a2
k1−1
1 }. (36)
First suppose that S = S0 ∪ S1. Let X = {1, a
2k1−1
1 }. It follows from (29) and (36) that S is a
union of X-cosets, that is X <S G, and so by [13, Theorem 1.2] that Γ is a lexicographic product of
nontrivial circulants, which by Lemma 3.26 it implies that Γ is non-normal for G.
Now suppose that S = S0 ∪ S1
⋃
(∪i∈ISi) with I ⊆ {2, . . . , k1 − 1} and I 6= ∅. Note that a
2k1−1
1 is
the unique involution in G, and so a2
k1−1
1 ∈ 〈a
4
1〉 ×B. Hence, if g ∈ 〈a
4
1〉 ×B, then ga
2k1−1
1 ∈ 〈a
4
1〉 ×B.
We define a map θ : G 7→ G as below: for all g ∈ G,
gθ =
{
g g /∈ (〈a41〉 ×B)a
2
1,
ga2
k1−1
1 g ∈ (〈a
4
1〉 ×B)a
2
1
Clearly θ is a bijection. Also θ acts trivially on 〈a41〉 × B, (〈a
4
1〉 × B)a1 and (〈a
4
1〉 × B)a
3
1 respectively,
and by (35) acts on (〈a41〉 ×B)a
2
1 as y
2k1−4 , as every element in (〈a41〉 ×B)a
2
1 is of the form (t1, t2) with
t1 = a
2m
1 with m odd.
Let {u, v} ∈ E(Γ), and s = uv−1. If u, v are fixed by θ, then uθ(vθ)−1 = uv−1 = s ∈ S. Similarly if
both u and v are not fixed by θ, then uθ(vθ)−1 = uv−1 = s ∈ S. Thus we may assume that only one of
u and v, say u, is fixed by θ. This implies that s ∈ S0
⋃
S1. Then
uθ(vθ)−1 = uv−1a2
k1−1
1 = sa
2k1−1
1 ,
and so by (29) and (36) we have that {uθ, vθ} ∈ E(Γ). Hence θ ∈ A.
Since 1 /∈ (〈a41〉 × B)a
2
1, we have that θ fixes 1. Clearly θ fixes the generators of G, and so
θ /∈ Aut(G,S) as θ 6= 1. Hence Γ is non-normal for G.
Proof of Theorem 1.3. Let G = Zn, and Γ be a normal circulant for G. By Lemma 4.2 and
Theorem 4.3 we have that G does not have the NNN-property if 8 divides n. Thus by Theorem 2.8, we
complete the proof.
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